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Abstract

The linear stability of two counter-rotating vortices driven by the parallel motion of two facing walls in a rectangular cavity
is investigated by a finite volume method. Critical Reynolds and wave numbers are calculated for aspect ratios ranging from 0.1
to 5. This range is sufficient to find the asymptotic behavior of the critical parameters when the aspect ratio tends to zero
and infinity, respectively. The critical curve is smooth for all aspect ratios and, hence, the character of the instability changes
continuously. When the moving walls are far apart the mechanism is centrifugal, as in the classical lid-driven cavity. For aspect
ratios near unity a combined mechanism, also involving strain near the vortex cores, leads to the instability which tends to
asymmetrically displace the vortex cores, very similar to the cooperative short-wave instability of a free counter-rotating vortex
pair. In the limit when plane Poiseuille flow is approached in the bulk, the three-dimensional perturbations are strongly localized
near both downstream ends of the moving walls. 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The fluid motion in rectangular cavities bounded by rigid walls and driven by the tangential motion of parts of the boundaries
is an excellent setup for studying fundamental hydrodynamic issues of incompressible closed flows. In particular, the classical
problem of a single lid-driven cavity has been considered extensively both experimentally and numerically. Owing to its
simplicity, this system is also frequently employed as a numerical benchmark for Navier–Stokes solvers [1]. Among the topics
which have been studied using the lid-driven cavity are the fundamental flow structure [2], viscous corner eddies [3–5], transition
to turbulence [6,7], end-wall effects [8–10], and mixing in Stokes flow [11]. A review on the single-lid-driven cavity has been
provided by [12].

The instability of the two-dimensional steady flow in the one-sided lid-driven cavity has been investigated numerically by
[13–16] using the assumption that the cavity is infinitely extended in the spanwise direction, perpendicular to the direction
of motion of the moving wall. While [13] considered the instability of flow with respect to two-dimensional perturbations,
Refs. [14–16] aimed at a three-dimensional linear stability analysis. Finally, the linear-stability problem for the classical lid-
driven cavity was solved by [17] for the whole range of cavity aspect ratios. They showed that the basic flow can become
unstable to four different three-dimensional modes depending on the cross-sectional geometry. Two of the unstable modes are
stationary, while two other modes are oscillatory. Different to previous results it was shown that the most dangerous mode in the
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square cavity is stationary with a short wavelength. By energy-transfer considerations it was demonstrated that all instabilities
are caused by centrifugal effects which are operative in different regions of the basic cavity shear flow.

Regarding flow instabilities, the classical one-sided lid-driven cavity problem has been extended to two-sided driving by [18].
When two facing walls move in parallel or anti-parallel directions different types of instabilities are possible. They arise due
to the interaction of the co- or counter-rotating primary vortices that form adjacent to each moving wall. In particular, it was
shown that the elliptic instability can arise for anti-parallel wall motion and for cavity aspect ratios for which the two main
co-rotating vortices merge [18,19]. Blohm and Kuhlmann [20] experimentally extended the work of [18] using an apparatus
in which the separation of the two moving walls was about twice the distance of the two stationary walls. They measured
velocity profiles and wall shear stresses in three-dimensional steady and time-dependent flows for anti-parallel wall motion.
Albensoeder and Kuhlmann [21] completed the analysis of [18] and calculated the linear stability boundaries for two-sided
lid-driven cavities with anti-parallel wall motion for the whole range of aspect ratios. Depending on the aspect ratio they found
four different main branches of steady instabilities. The situation is only complicated in a narrow range of aspect ratios where
multiple two-dimensional states arise [22]. For large aspect ratios, i.e. for a large separation of the moving walls, the basic flow
consist of two, essentially independent, co-rotating primary vortices. On an increase of the Reynolds number this state becomes
centrifugally unstable, similar as in the classical cavity [17]. When the moving walls come closer to each other the two vortices
merge and the instability changes to an elliptic type. Near unit aspect ratio a quadripolar instability was found and, when the
gap between the moving walls becomes very narrow such that a plane Couette flow is established in the bulk, the flow is again
subject to an elliptic instability. In this latter case the instability is strongly localized near both ends of the cavity where the flow
is turning.

In the present paper we investigate the linear stability of the two-sided lid-driven cavity flow when the two facing walls move
parallel to each other with the same speed. We inquire about the type of instability and the dependence of the critical Reynolds
and wave number on the aspect ratio.

2. Problem formulation, solution method, and code validation

Consider an incompressible Newtonian fluid with kinematic viscosityν and densityρ inside a rectangular container of
width d and heighth. The flow is driven by two facing walls atx = ±d/2 which move tangentially in the positivey direction
and with the same velocityV . The geometry of the rectangular container is sketched in Fig. 1 where we assume that the depth
in z direction is infinite. By using the characteristic scalesh, ν/h, ρν2/h2, andh2/ν for length, velocity, pressure, and time,
respectively, the Navier–Stokes equations are given by

∇ · u = 0, (1)
∂u

∂t
+ u · ∇u = −∇p+ ∇2u, (2)

with velocityu = (u, v,w) and pressurep. The no-slip boundary conditions on the top and bottom walls are

u(y = ±1/2)= 0. (3)

On the moving walls we require

u(x = ±Γ/2)= Reey, (4)

where the Reynolds number is denoted by

Re= hV

ν
, (5)

andΓ is the aspect ratio

Γ = d

h
. (6)

The governing equations allow for a two-dimensional steady solution(∂/∂t = ∂/∂z = w0 ≡ 0) called the basic flow
(u0,p0). Albensoeder et al. [22] have shown that the basic solutions are not unique forΓ ∼ 1 and Re� 350. In addition
to the solution which is symmetric with respect to the planex = 0 non-symmetric solutions arise in this region of the parameter
space. As will be shown later, the parameter range where multiple basic solutions arise is well beyond the three-dimensional
linear stability boundary of the symmetric state which is unique for small Reynolds numbers.

The linear stability of the basic state(u0,p0) is governed by
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Fig. 1. Geometry of the cavity. Lengths are given in units of the cavity’s heighth, the velocity in units ofν/h.

∇ · u = 0, (7)
∂u

∂t
+ u0 · ∇u + u · ∇u0 = −∇p + ∇2u, (8)

where(u,p) denote the velocity and pressure perturbations. Since the basic flow already satisfies the boundary conditions on
the walls, we are left with the homogeneous conditions for the perturbation flow

u(±Γ/2)= u(±1/2)= 0. (9)

The infinite extension of the cavity inz direction allows for solutions in the form of normal modes(
u

p

)
(x, y, z, t)=

(
U

P

)
(x, y)exp

{
σ t + i(kz− ωt)} + c.c., (10)

where the growth rateσ , the oscillation frequencyω, and the wave numberk of the perturbation are real. Inserting the ansatz (10)
into (7) and (8) we get, after discretization, a generalized eigenvalue problem with eigenvalueσ − iω (complex growth rate) and
complex eigenvector(U ,P ). On the neutral stability boundary the growth rate must vanish, i.e.σ(Ren,Γ, k)= 0. The critical
mode is defined by maxq,k σ (Ren,Γ, k, q)= 0 whereq ∈ N numbers the discrete part of the spectrum.

For an analysis of the instability mechanisms we consider the Reynolds–Orr energy equation for the kinetic energyEkin:

1

D∗
dEkin

dt
= −1+

4∑
i=1

∫
V

Ii dV = −1− 1

D∗

∫
V

(
uu
∂u0

∂x
+ uv ∂u0

∂y
+ vu∂v0

∂x
+ vv ∂v0

∂y

)
dV, (11)

which has been normalized by the dissipation in the volume

D∗ =
∫
V

(∇ × u)2 dV. (12)

The local normalized energy production termsIi are numbered consecutively as they appear in (11).
Equations (1)–(4) and (7)–(9) are discretized by a finite-volume-method, exactly as in [17,22]. The grid is slightly

compressed towards the boundaries using a stretching factor between neighboring cells of 0.95. To solve the nonlinear equations
for the basic state a Newton–Raphson method is employed. After convergence, the basic state is inserted into (7)–(9) to obtain
an algebraic linear stability problem. The eigenvalues are calculated by inverse iteration and the resulting linear matrix problems
are solved by LAPACK subroutines. The roots of the real part of the growth rate are obtained using Newton’s method.

The code for the basic-flow calculations has already been validated by comparison with results for the classical one-sided
lid-driven cavity [22]. Likewise, the linear-stability code has been validated in [17] by comparison with results of [15,16,18,19].
As in our previous investigations [17,21], we employ a grid resolution of 141× 141 for all calculations. The difference between
the critical parameters values obtained on this fine grid and those calculated on a course grid with 71× 71 grid points is used as
an error estimate. From this indicator the error for the critical Reynolds number is less than 4% for aspect ratiosΓ � 4. At higher
aspect ratios the estimated error for the critical Reynolds number is less than 6.5%. To prove grid convergence, representative
critical Reynolds numbers are shown in Fig. 2 as functions of the number of grid points.

From these data, the extrapolated critical Reynolds numbers are well within our error bound. In fact, in many cases the real
numerical error is considerably less than the above conservative estimate.
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Fig. 2. Critical Reynolds numbers Rec as a functions of the numberN of grid points for each space coordinate.(©): Γ = 0.35,(♦): Γ = 1.75,
and(�): Γ = 2.20.

3. Results

3.1. Linear stability boundaries

The linear stability boundary Rec is shown in Fig. 3 as function of the aspect ratioΓ . Throughout the full range ofΓ the
critical curve is smooth and contiguous and the instability is stationary. Hence, the critical mode changes continuously, as well
as the instability mechanism.

ForΓ → ∞ each walls drives its own vortex. These two primary vortices with opposite sense of rotation drive secondary
weak viscous eddies in the bulk whose intensity decays exponentially from both moving walls [3]. Since inertial effects are
essential for any instability, the three-dimensional instability mode will be localized near the primary vortices in the vicinity of
the moving walls. Because both primary vortices are nearly independent, we consistently recover, forΓ → ∞ (Fig. 4(b)), the
stability result for the flow in the classical single-lid-driven cavity [17] and in the cavity in which the two facing walls move in
opposite directions [21]. ForΓ = 3, e.g., the critical Reynolds number deviates only less than 9% from the estimated asymptotic
value Rec(Γ → ∞)= 420± 20 (kc(Γ → ∞)= 1.69± 0.03) [17].

ForΓ → 0 we likewise find an asymptotic behavior, shown in Fig. 4(a). Scaling all lengths by the separation of the moving
walls d, which is the relevant length scale forΓ → 0, instead ofh the asymptotic critical Reynolds and wave numbers are
determined with high accuracy as limΓ→0 Re∗c = limΓ→0(RecΓ )= 164± 6 and limΓ→0 k

∗
c = limΓ→0(kcΓ )= 2.69± 0.01,

respectively. For future reference, some representative numerical data are collected in Table 1.
Also given in Fig. 3 are linear stability curves for pure two-dimensional bifurcations (dotted lines) which have been computed

by [22]. At this critical curve fork = 0 the two-dimensional steady basic flow with streamlines mirror symmetric tox = 0
bifurcates to a pair of steady two-dimensional flows with broken mirror symmetry. The bifurcation is supercritical along the

Fig. 3. Critical Reynolds numbers Rec (solid line) and wave numberskc (dashed line) as functions of the aspect ratioΓ . The dotted curve
indicates the pure two-dimensional stability boundary(k = 0). The rightmost dotted line is the upper bound onΓ for the existence of
finite-amplitude two-dimensional flow with broken mirror symmetry [22].
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Fig. 4. Rescaled critical Reynolds number Re∗
c = RecΓ (solid line) and wave numberk∗c = kcΓ (dashed line) as functions of the aspect ratioΓ

for small aspect ratios (a), and critical Reynolds numbers Rec (solid line) and wave numberkc (dashed line) as functions ofΓ for large aspect
ratios (b).

Table 1
Critical values of the Reynolds number Rec

and wave numberkc for several aspect ratios

Γ Rec kc

0.2 819.9± 8.8 13.48± 0.01
0.5 299.2± 1.4 4.900± 0.005
1.0 209.5± 0.6 2.404± 0.002
1.5 374.3± 1.6 2.048± 0.002
2.0 540.1± 6.7 1.608± 0.005
2.5 418.3± 10.7 1.712± 0.018

Table 2
Normalized energy production terms for several aspect ratios

Aspect ratio Γ = 0.30 Γ = 1.00 Γ = 1.95
Reynolds number Rec = 547.6 Rec = 209.5 Rec = 539.0
i

∫
Ii dV

∫
Ii dV

∫
Ii dV

1 0.264 0.306 0.686
2 −0.154 −0.341 −0.495
3 0.849 0.826 0.871
4 0.043 0.212 −0.048

leftmost dotted stability boundary. Following the stability boundary for increasingΓ a sharp minimum occurs. For still larger
values ofΓ another dotted line branches from the linear stability boundary atΓ = 0.871 and Re= 497 [22]. For larger Reynolds
numbers the bifurcation to the asymmetric two-dimensional flow is subcritical. The rightmost dotted line indicates the existence
boundary of the asymmetric finite-amplitude flow [22]. Note that the three-dimensional linear stability boundary forΓ � 1
has a similar shape with a minimum of Rec = 196.3 ± 0.4 at Γ = 0.842± 0.001 as the linear stability boundary for pure
two-dimensional perturbations.

3.2. Flow patterns and mechanisms

Albensoeder et al. [17,21] have shown that the instability for largeΓ is due to centrifugal effects which are associated with
the wall jets emanating from the downstream corners of the moving lids. The wall jets rapidly separate from the rigid wall and
high-speed fluid is found on the concave side of the curved streamlines near the separation region. Such local flow conditions
are centrifugally unstable. This interpretation is supported by the two sharp peaks of the local energy transfer rateI = ∑

Ii
which are stretched along the streamlines just in this area. Note that all other contributions to the energy transfer are much
smaller. In particular, there is no notable energy transfer in the vortex cores at any cross-section.

When the aspect ratio is decreased from large values, both vortices approach each other and the critical Reynolds number
increases. AtΓ = 1.983± 0.006 and Rec = 540.4 ± 6.6 it takes a local maximum. The situation is illustrated in Fig. 5 for
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Γ = 1.95. Obviously, the centrifugal instability mechanism is not as efficient for this aspect ratio than forΓ → ∞. One reason
for the local maximum of Rec(Γ ) could be the incompatibility of the critical flow structures of the individual vortices when they
get closer. Nevertheless, the instability mechanism is still of centrifugal type. This interpretation is supported by the criterion
proposed by Sipp and Jacquin [23] which gives a sufficient condition for the instability of inviscid two-dimensional rotating
flows. According to their criterion which reduces, in the present case, to that of Bayly [24] the inviscid flow in a non-rotating
frame of reference is unstable if there exists a streamline for which

|u0|ω0

R
< 0, (13)

for all pointsx along a closed streamline. Here|u0| is the absolute value of the velocity,ω0 the vorticity, andR the local radius
of curvature of the streamline of the basic flow (R > 0, if the flow is locally counterclockwise, and vice versa). This criterion
does not apply to viscous flows. However, a centrifugal instability in viscous flow is promoted if streamlines exist which lie
entirely in the region defined by (13). While such streamlines cannot exist in the driven cavity flow, due to the sign of the
vorticity near the moving walls, we find that forΓ = 1.95 there exist streamlines which are almost contained within the region
defined by (13). This is shown in Fig. 6(c). Note that the regions of maximum energy transfer to the critical mode (Fig. 5) lie
within the gray-shaded area of Fig. 6(c) consistent with the interpretation as a centrifugal instability.

When the aspect ratio is further decreased the critical Reynolds number decreases again. This destabilization of the basic
flow is associated with a continuous change of the instability mechanism. As can be seen in Fig. 7(a) forΓ = 1 the energy
transfer to the critical mode is peaked in three distinct regions of the flow. One region of local energy amplification due to
I1 = −uu∂u0/∂x (Fig. 7(b)) is symmetrically located in the region of plane straining motion where both jets, originating
from the downstream corners of the moving walls, collide. This local amplification is a result of the merging, upon a decrease
of Γ , of the two centrifugally unstable regions (Fig. 5). This is confirmed by Fig. 6(b) which shows that the local flow in the

Fig. 5. Streamlines of the basic flow (full lines) forΓ = 1.95, Re= Rec = 539.0, andkc = 1.633, critical mode (arrows), and, in color, the total
local productionI = ∑

Ii in a planez= const. in which I takes its maximum value. The side arrows indicate the direction of wall motion.

Fig. 6. Regions of the basic flow (gray-shaded) which are prone to centrifugal instability according to the criterion (13). Shown are basic state
streamlines at the critical Reynolds number for aspect ratiosΓ = 0.30 (a),Γ = 1.0 (b), andΓ = 1.95 (c).
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(a) (b) (c)

Fig. 7. Streamlines of the basic flow forΓ = 1, Re= Rec = 209.5 with kc = 2.404 and (in color) the total local production (a), local
productionI1 (b), and local productionI3 (c) in a planez= const. in which the total local production takes its maximum. In this planew = 0.

(a) (b) (c)

Fig. 8. (a) Critical velocity fieldu, (b) isolines of the disturbance vorticityωz in z-direction, and (c) projection of the critical vorticity fieldω
for Γ = 1 and Re= Rec = 209.5 with kc = 2.404. The parameters and projection planes are the same as in Fig. 7, except for the projection
plane in (c) which is shifted by a quarter wave length.

region of maximum energy transfer is prone to centrifugal effects, since (13) is locally satisfied. The major contribution to the
local energy transfer is due to the deceleration of the jets(∼ ∂u0/∂x) approaching the stagnation point(x, y) = (0,1/2). The
opposing process is found near the bottom stagnation point(x, y)= (0,−1/2) where the acceleration of the flow inx direction
yields a stabilization.

Two more regions of local energy transfer are visible in Fig. 7(c) near the vortex cores. Centrifugal effects are not operating
in this region of the flow, since the local flow does not satisfy criterion (13). The energy-transfer peaks are rather caused by
the straining of both vortex cores when the aspect ratio becomes less than two, giving rise to a significant energy transfer
I3 = −vu∂v0/∂x. The local energy transferI3 by transport of streamwise momentum perpendicular to the direction of the
basic flow is very similar as in the elliptical instability of a single strained vortex [18,21]. As a characteristic feature it can
be seen from Fig. 8(a) that the perturbation velocity vectors make angles of approximately 45◦ with the streamlines. Both of
the destabilizing actions, centrifugal effects and strain, work together such that the critical mode at a fixed spanwise location
z = const. takes the form of a single vortex centered in the cavity (Fig. 8(a)). Since the sense of rotation of the perturbation
vortex flow changes with a period 2π/kc both basic vortices are equally effected and alternatingly displaced such that one
vortex core is shifted towards the hyperbolic stagnation point(x, y) = (0,1/2) of the converging flow region, while the other
vortex is shifted away from this point.

The vorticity of the critical mode is shown in Figs. 8(b) and 8(c). In the plane in whichw = 0 and where the energy
transfer takes its maximum, thez-component of the vorticity approximately exhibits a dipolar structure in each vortex core
(Fig. 8(b)), which is characteristic for the elliptic instability [25]. In the plane in which∂w/∂z= 0, shown in Fig. 8(c), we find
that the vorticity is nearly aligned with the strain associated with the elliptical deformation iny-direction of both vortex cores.
Accordingly,ω makes an angle of approximately 45◦ with respect to they-axis, parallel to the principal axes of the strain.

Apart from the periodicity inz-direction, the displacement of the basic vortices is very similar as for the pure two-
dimensional mirror-symmetry-breaking instability forΓ ≈ 0.75 (dotted lines in Fig. 3). In fact, we find that the velocity
componentw of the three-dimensional critical mode forΓ = 1 is much smaller thanu andv. Hence, the perturbation flow
is nearly two-dimensional. The similarity of the three- and two-dimensional neutral modes becomes clear if one realizes that
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Fig. 9. Neutral Reynolds number Ren as function of the wave numberk for Γ = 0.75.

Fig. 10. Streamlines of the basic flow forΓ = 0.30, Re= Rec = 547.6 ± 3.7 (full lines), critical mode (arrows), and total local energy
production (color) in the planez= const. wherew = 0 and in which the total local production takes its maximum. The critical wave number is
kc = 9.018± 0.005.

Fig. 11. Critical velocity field forΓ = 0.30 at Re= Rec = 547.6 shown over one period 2π/kc in the planey = 0.34 where the total local
production takes its maximum.

both modes are connected with each other, at least for a certain range ofΓ , through a neutral curve Ren(k). An example for
Γ = 0.75 is shown in Fig. 9.

The character of the critical mode does not change when the aspect ratio is further decreased. The production terms
∫
I1 dV

and
∫
I3 dV remain the most important positive contributions to the energy budget. However, the relative magnitude of the

z component of the perturbation velocity becomes much larger than forΓ = 1. A typical critical mode is shown in Fig. 10
for Γ = 0.30. In the cavity half upstream of the moving walls(y < 0) the perturbation flow is very weak. The critical
mode is concentrated at the downstream end of the cavity. In this region the streamlines converge near the stagnation point
(x, y) = (0,1/2) and the fluid is stretched along the outgoing streamlinex = 0. Therefore, one might also consider the
possibility of a hyperbolic instability, as for plane hyperbolic stagnation-point flow [26]. The most dangerous perturbation
in hyperbolic stagnation-point flow is amplified by vortex stretching into the direction of the outgoing streamline. In the present
cavity flow we find that they component of the perturbation vorticity is significant near the stagnation point of the converging
flow (Fig. 11), but it disappears rapidly further downstream from the stagnation point. The vorticity significantly diminishes
for y = 0, where the flow has already become nearly parallel. We conclude that vortex stretching inz-direction can operate only
over a short distance iny and is of minor importance here.
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From Fig. 4(a) the critical Reynolds number Re∗
c = 164.3±1.1 forΓ = 0.30 appears to be very close to the asymptotic value

which is estimated as Re∗
c (Γ → 0)= 164± 6. It can be expected, therefore, that the structure of the critical mode forΓ = 0.3

is a very good approximation to the critical mode forΓ → 0.

4. Discussion and conclusion

The linear stability of the two-dimensional incompressible flow of two symmetric counter-rotating vortices in a two-sided
lid-driven cavity has been calculated. The centrifugal instability when both vortices are distant(Γ � 1) merges smoothly, for
decreasingΓ , to an instability in which flow deceleration and straining of the vortex cores are the determining factors. In
shallow cavities(Γ � 1) the critical modes are strongly localized near the downstream end of the cavity.

While the centrifugal instability forΓ � 2 is clearly due to the deceleration of the flow along the outer streamlines owing to
the presence of the rigid walls [17], the combined instability forΓ � 1 is significantly effected by the strain in the vortex cores.
It is then natural to compare the present instabilities with those of strained vortices in unbounded flows. The prototype of such
a flow is a strained Rankine vortex [27–29]. The generic instability of a Rankine vortex in a weak dipolar strain field occurs
at those axial wave numbers at which the rotation rates of the natural oscillations (Kelvin waves) vanish. The first resonances
(instabilities) occur atk = 0 (long-wave instability) and atk = 2.5/a (short-wave instability), wherea is the radius of the
Rankine vortex (see, e.g., [30]). Both instabilities have recently been observed by [31] to occur simultaneously on a pair of
counter-rotating vortices which mutually impose a strain field on each other.

The long-wave mode, which is symmetric with respect tox = 0, is also known as the Crow instability [32]. This instability
dominates in the limit of slender vortices whenb/a � 1, whereb is the separation of both vortices. In the present setup this
limit would correspond toΓ � 1. However, we did not find long-wave modes for any value ofΓ . The reason probably is
that forΓ � 1 one vortex in the cavity cannot effectively induce a strain on the other vortex, because a long-range flow field
is absent and the interaction between both vortices is exponentially weak. They are only coupled through the viscous Moffatt
eddies [3] between the parallel rigid walls. We conclude that the presence of the rigid walls prevents the long-wave instability
in large aspect-ratio cavities.

The short-wave cooperative mode is antisymmetric with respect tox = 0. We find that the critical mode in the cavity for
Γ � 1 exhibits the same symmetries as the cooperative instability on an unbounded vortex pair. Moreover, the main qualitative
flow structures of the perturbations, i.e. the dipolar structure of the vorticity in the vortex core and the orientation of the
perturbation vorticity, are very similar (compare, e.g., Figs. 7 and 8 with Figs. 5 and 10 of [31]). If we estimate the typical
vortex-core radius forΓ � 1 asa ≈ Γ/4 the wave number of the cooperative short-wave instability of a corresponding Rankine
vortex would bek ≈ 10/Γ . However, the actual critical wave number in the cavity is much smaller (see Fig. 4(a)). Hence, we
conclude that the instability of the cavity flow with parallel wall motion shows the same qualitative features as the cooperative
short-wave instability of strained vortices in unbounded flows. Both systems differ in that the strain in the vortex cores of
the cavity flow is not simply induced by well-defined vortex patches (like the Rankine vortices) but strongly influenced by
the geometrical constraints and the tangential velocity distribution on the walls. Finally, the flow-deceleration effect near the
separation point at(x, y)= (0,1/2) may also alter the cooperative instability to some degree.

The instabilities studied here can also arise in other variants of the lid-driven cavity problem. Nienhüser et al. [33],
for example, considered the stability of steady axisymmetric toroidal vortices in low-Prandtl-number thermocapillary liquid
bridges. ForΓ = 1 they found a stationary instability which is likewise driven by a centrifugal and a straining mechanism. The
spatial distributions of the respective energy-transfer rates are very similar to those in the lid-driven cavity flow.

The transition to time-dependence and to turbulent flow is still an open problem, and it must be investigated by full three-
dimensional simulations. It would be interesting to compare the corresponding scenarios with the recent observations of the
transient decay of a vortex pair made by [31].
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